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Abstract 

In this paper, we go into the study of the 2-category ©e of E-constmc- 
tible stacks . We show the 2-equivalence between <3e and a combinatoric 
2-category whose objects are given by a 2-representation of each stratum 
plus some gluing data. 

A stack is a generalization of a sheaf of categories. The notion of equality 
between two categories being too strict, a stack is, roughly speaking, a "sheaf 
of categories up to equivalence". This lax version of sheaves allows to give 
a structure to objects that can be glued up to isomorphisms. For example, 
Beilinson, Bernstein and Deligne have shown in [5] that if A is a topological 
space, the data for all open U of A, of the category of perverse sheaves on U is 
a stack. 

Most of the notations and properties of sheaves can be extended to stacks. 
In this article we focus on the notions of locally constant stack and constructible 
stack on a stratified space. 

Let us recall some classical facts on sheaf theory. It is well knowns that the 
category of locally constant sheaves on a locally 1-connected topological space 
A is equivalent to the category of representations of the fundamental groupoid 
ITi (A). This result gives a topological description of the category of locally 
constant sheaves on A. Constructible sheaves are a natural generalization of 
locally constant sheaves. Indeed, a sheaf T is constructible if there exists a 
stratification of A such that, for every stratum the restriction of T 

to Efc is locally constant on Another classical construction for sheaves on 
a topological space A, is the description of a sheaf through some descent data. 
This gives an answer to the natural question of how we can recover a sheaf T 
from its restrictions to open or closed subset of A. In particular, J- is uniquely 
determined by its restrictions to an open set U C A and its complementary F, 
plus some gluing data given by the morphisms of adjunction 

where if and ijj are the inclusions of F and U in A. Combining the topological 
description of locally constant sheaves given above with the previous gluing 
construction, one can obtain a combinatorial description of a constructible sheaf 
with respect to a stratification. 

In [TS], P. Polesello and I. Waschkies generalized to the 2-category of lo- 
cally constant staks on a suitable topological space the topological description 
of locally constant sheaves cited above. In particular they introduced the 2- 
monodromy functor from the 2-category of locally constant stacks to the 2- 
category of 2-representations of 112(A). In the first section of this paper we 
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recall the definition of the 2-monodromy functor and defining a quasi-2-inverse 
slightly different from the one in [15] . Then, given a locally trivial fiber bun- 
dle p : X — > B, we consider the 2-functors of direct and inverse image relative 
to p between the 2-categories of locally constant stacks and we translate such 
functors in the language of 2-representations. 

In the second section, we consider a stratified topological space and we 
study how to recover a stack from its restrictions to the strata. In particular, we 
generalize the gluing construction cited above for sheaves to the case of stacks. 
Given a topological space X and a stratification E = of X, we define the 

2-category ©£ whose objects are given by 

• a stack on each stratum E& =-> X, 

ik 

• a functor of stacks Fki : £k — > fy*^! for every couple E; of strata 
such that Efc C 

• for every triple £fc,E;,E m such that E^ C E/ C E m , some morphisms of 
functors. 

We show the following 

Theorem 1. The 2-category 6tx of stacks on X is equivalent to the 2-category 

Hence we see that, in order to define a stack on a stratified topological space, 
it is sufficient to have stacks on each stratum plus some gluing data consisting of 
functors of stacks and morphisms of functors. To prove the theorem, we define 
a couple of quasi-2-inverse functors : the "restriction functor" i?s going from 
&tx to ©s and the "gluing functor" Gs- The former is the restriction of a stack 
to each stratum, plus some functors and morphisms given by the 2-adjunction 
between i^*, and i7 , The definition of the latter is more technical. For all 
object of ©s we define a 2-functorial 2-limit encoding the gluing data. 

In the third section we focus on constructible stacks. The notions of 
constructible stack was introduced by D. Treumann in |20) . It is a natural 
generalization of constructible sheaf. A stack £ is called constructible if there 
exists a stratification E of X such that £ is locally constant along each stratum. 
In 20J, D. Treumann has also introduced the exit-path 2-category, which is a 
stratified version of the fundamental 2-groupoid and he showed that these two 
2-categories are equivalent. Let us also cite J. Woolf in [22], he generalize the 
work of D. Treumann to homotopically stratified sets. 

In what follows we focus on constructible stacks with respect to a fixed 
stratification E of X . Although we are interested in the same 2-category 6i E 
of E-constructible stacks, our approach is different. We show the 2-equivalence 
between ©t s and a 2-category whose objects are combinatoric data of 2-repre- 
sentations, functors of 2-representations and isomorphisms of functors. As a con- 
structible stack is locally constant along each stratum and as the 2-monodromy 
defined by P. Polcscllo and I. Waschkies is an equivalence of categories, it is 
natural to ask if the data for every stratum E& of a 2-representation of Il2(Efe) 
is sufficient to define a unque constructible stack, up to equivalence. 

Now, if we want to describe combinatorially the 2-category @i s of E-cons- 
tructible stacks, it remains to understand how the gluing data can be read in the 
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language of 2-representations. To have a better understanding we restrict ourself 
to the case of Thorn-Mather spaces. A Thom-Mather space is a stratified space 
plus a tubular neighborhood Tk of each stratum E& together with a locally 
trivial fiber bundle pk ■ Tk — > E&, (for precise definitions see [H] and [T7]h 
In this case, we show that the 2-functor ii* restricted to the 2-category of 
locally constant stacks on E; is 2-equivalent to the functor Pk*i~ki > wnere *fei is 
the natural inclusion of S; R Tk in E/ . Now, in the first section, we have defined 
the equivalent functor in the 2-category of 2-representations. Hence we define 
a 2-category &t^, 2-equivalent to the 2-category of constructible stacks, whose 
objects are given by: 

• for every stratum E^ , a 2-representation ak of the fundamental 2-groupoid 

n 2 (Efc), 

• for every couple £& and Ej of strata such that E& C E/, a functor of 
2-representation Fki ■ 

Fm : ak — >■ Pk*iki a i 

• some morphisms of functors. 

As a 2-representation of a 2-groupoid is equivalent to the data of categories, 
functors of categories and isomorphisms of functors, we can conclude our com- 
binatorial description of a constructible stack. 

As an application , in [19] . D. Treumann has used his description of the 
2-category of constructible stacks and a description of the category of perverse 
sheaves given by MacPherson and Vilonen in [13] to characterize the stack of 
perverse sheaves and in the case of Thom-Mather spaces he has showed that 
if the stratum are 2-connected the category of perverse sheaves is equivalent 
to the category of finite-dimensional modules over a finite-dimensional algebra. 
As he has used a non explicit local description he does not obtain an explicit 
description. In the same spirit, using the description of the category 6s, we 
glue I glue in [6] descriptions of the category of perverse sheaves on a normal 
crossing given by A. Galligo, M. Granger and Ph. Maisonobe in [5], to obtain 
explicit descriptions of the category of perverse sheaves on smooth toric varieties 
stratified by the torus action. For a presentation of the result see [7] . 

Conventions. Here we use the term "2-category" for a strict 2-category. 
It means that the composition of 1-morphisms is strictly associative. By a 
2-functor, we mean a morphism of 2-category preserving the composition of 1- 
morphisms up to isomorphism. By a 2-representation of a 2-groupoid G, we 
mean a 2-functor from G to the 2-category of categories CAT- If a is a 2- 
representation of athe fundamental groupoid n 2 (A) of X and F is a subset of 
X, with an abusive notation, we also denote a the functor a restricted to F. 

We do not recall the definitions of stack, constant stack and locally constant 
stack, the reader can find them in [T5] or in [3D]. We often use the notion of 
2-limit and 2-colimit, their definition is given in [T], for an explicit description 
see for example the annex of |21j or [5]. The 2-adjunction plays an important 
role in this paper, we refer to [ID) . 
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1 Locally constant and constructible stacks 



Let X be a locally connected space. 

In this section we go into the study of the equivalence between the 2-category 
Zx of locally constant stacks on X and the 2-category, i?ep(LT 2 (X), CAT) of 
2- representations of the fundamental 2-groupoid ILjpT) of X . 

In a first time we shortly recall the definition of the 2-monodromy given 
by P. Polesello and I. Waschkies in 15 . This 2-equivalence, denoted is a 
generalization of the monodromy going from the category of locally constant 
sheaves on X to the category of representation of the fundamental groupoid 
of X. They show that fi is an equivalence defining a quasi-2-inverse. Here we 
define a quasi-2-invcrse v of \x slightly different from the one given in |15) . 

Then, we translate in the language of 2-representations some operations on 
locally constant stacks. More precisely, let / : Y — » X be a continuous map 
and p : X — > B be a locally trivial fiber bundle. If £ is a locally constant 
stack, then and p*C are locally constant. We define two 2-functors, also 

denoted f^ 1 andp», going from 2Rep(IL 2 (X), CAT) to 2Rep{U 2 (Y), CAT) and 
2Rep(U 2 (B), CAT) respectively, commuting with the 2-monodromy. 



Let £ be a locally constant stack on X. Let 7 : I — > X be a path in X. 

As / is contractible, the stack 7 _1 £ is a constant stack, thus the following 

functors are equivalences : 

~ ( 7 - 1 (£))o £ r([o, l]^- 1 ^)) ^ (i-Wi - Cxx- 

Let us denote 7 the composition of the previous equivalences. 

Let H be a homotopy in X, going from a path 70 to a path 71. The following 

diagram commutes up to isomorphisms. 



70 



(H-'C)^) 



r({o} x TH^e) 



Id 



T(I x {0}, H- x €) ^— r(J x I, H- 1 ^) T(I x {!}, ff^C) 



Id 



(^ _1 C)(i,o) 



■r({iy xi,H~^) 



0* 



71 



The suitable composition of previous isomorphisms of functors gives an isomor- 
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phism of functors : 

H : 70 — > 71. 

Then, the image of £ by the 2-monodromy (i is the 2-functor defined as follow : 

n 2 (Y) — > c.4t 

7 : x -> xi i — > j :£ Xo € X1 
H : 70 -> 7i 1 — > # : 7o -> 7i 

As the equivalences, the isomorphisms of functors come from a 2-functor this 
application is 2-functorial. 

Now, let us define a quasi-2-inverse of the 2-monodromy, denoted v. Let a be a 
2-representation of Ii2(X), let us consider : 

• for all open U of X, the category v(a)(U) = 21im a, 

n 2 (!7) 

• for every pair V C U of open subsets of X, the functor : 

v(a)(U)2)im a — > 2Um a = ^(a)(F) 
n 2 ((7) n 3 (v) 

defined by the projections n x : 2 1^m a — > a(x) of the 2-limit. 

n 3 (£/) 

• for every triple W C V C f7, the isomorphism of functors defined by the 
isomorphisms given by the 2-limit : 

2 ]^ia a 2 lim a 

n 2 (f/) *" n 2 (v) 



2 lim a 

n 2 (w) 

Lemma 2. These data define a locally constant stack in a 2-functorial way. 
Proof. The proof is similar to the proof of the theorem 2.2.5 of [T3]. □ 

Theorem 3. Let X be a relatively 2-connected space, Tl2(X) its fundamental 
2-groupoid. Then the 2-functors /i and v are 2-equivalent. 

It would be interesting to establish a dictionary between the operations on 
locally constant stacks and operations on the 2-representations of II2. 
The inverse image of a locally constant stack by a continuous function is locally 
constant. 

Proposition 4. Let f : X — >• Y be a continuous map. Let f^ 1 denote the 
2-functor defined by : 

f- 1 : Rep(U 2 (Y),CAT) — > Rep(U 2 (X), CAT) 

I xeX ^ a{f(x)) ' 
a 1 — > 7 : I — > X 1— > a(f o 7) 

\ e : I x I -> X 1 ^ ar(/ o e ) 

Then, the two 2-functors f~ 1 and /1 o / _1 o z/ going from Rep(TL2(Y),CAT) to 
Rep (IT2 (A ), C AT) , are equivalent. 
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Proof. The proof is straightforward. 



□ 



Now, we are interested in the direct image of a locally constant stack. Not 
all direct images of locally constant stack is a locally constant stack, but D. 
Treumann has shown the following proposition : 

Proposition 5 f[20j). Let X and B be locally contractible spaces. Let p : X — > 
B be a locally trivial fiber bundle. Let £ be a locally constant stack on X , then 
p*£ is locally constant on B . 

Let X and B be two locally contractible spaces and p be a locally trivial 
fiber bundle : 

p : X -» B. 

In what follows, we define explicitly a functor going from 

2Rep(U 2 (X),CAT) to 2Rep(H2(B),Cat) such that the following diagram com- 
mutes up to isomorphisms : 

£x 



2Rep(TL 2 (B),Cat). 



2Rep(IL 2 (X),Cat) — ; 
But first we need to fix some data and notations. 

In all this section a denotes a 2-representation of the fundamental 2-groupoid 
Il2(X). If x G Ob(n.2(X)) we denote by a x the isomorphism of functors : 

a x : a(Id x ) ^ Ld a ( x y 

If 7 and 7' are two composable paths in X , we denote by a 7 ,y the isomorphism : 

a %7 ' : a(j) o 01(7 ) — > 01(7 A 7'). 

Let 7 : 60 °i be a path in B and e : 70 — > 71 be a homotopy in B, for t £ I 
and for ii, £2 £ I 2 we set : 

F t :=p- 1 ( 7 (t)) ) F (tlita) : =p- 1 (e(ti ) t 2 )). 

Because of the contractibility of J and Jx/, the fibrations pi 7 and p\ e given 
by the pullbacks 



Ix y X 



X 



B 



(L xL)x e X 

Pie 
I X I 



l'2c 



X 



B 



are trivialisable, and there exist trivializations h 7 and h e of / x 7 X and 
(/ x I) x e X 



I x F — ^7 x 1 X-^- 



X 



{I x I) x F { 



B 
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such that 

P2 ° /l 7 |{0}xF o = 7T2 and p 2 O h e |{0}x{0}xF = 7T3- (1) 

These trivializations are not unique but two such trivializations are homotopic. 

Lemma 6. Ifh and h! are two trivializations of I x^X satisfying the condition 
flj) then h 7 and h' y are homotopic and there exists a homotopy H, unique up to 
homotopy, between them such that : 

(P2 O H) |/ x{0 }xX= 7T3, PioH = 1T 2 , (2) 

and such that, for all t <E I H(t, ■) is an isomorphism from I x Fq to I x 7 X . 
In the same way, if h e and h' e are two trivializations of (I x I) x e Fq, then they 
are homotopic. 

Proof. We set h- 1 = ((h^i, (/i _1 ) 2 ). 

Let us remark that, with the above notations (hi 1 )i — p\ and as h and h' 
satisfy the condition [TJ for all x £ F, we have : 

h(0,x) = h'(0,x). 

This assures that the application 

H : I x I x F a — ► I x 1 X 

(h,t 2 ,x) >—> h(t 2 ,(h- r ) 2 (h'{tit 2 ,x))^ 

is a homotopy from h to h! and moreover that the conditions of the lemma are 
satisfied. 

Now, let us suppose that Hi and H 2 are two such homotopies going from h to 
hf, satisfying the conditions ©. Let t E I, let us set : 

As above, the condition @ assures that for all (t, x) € I x Fq we have the 
equality 

Hi(t,0,x) = H 2 (t,0,x). 

Hence the homotopy 

I x I x I x F a — > I x 7 X 

(h,t 2 ,t 3 ,x) .— > Hx^ts^H!^,;-))^ 1 oH 2 {t 2 MU,x)} 

goes from Hi to i?2- 

If e is a homotopy in B, we define in the same way the homotopy between two 
trivializations of (J X I) X E X. □ 

These trivializations and their unicity up to homotopy allow us to use the 
properties of the product space, in particular the fact that 

TT n (XxY) ~7T„(X) X7T„(Y). 

Let 7 : xq — > xi be a path in B, we set Fq := p _1 (7(0)) and Fi = p _1 (7(l)). 
In what follows, to each trivialization of / x 7 X satisfying the condition (fTJ, we 
associate a functor 

2hjri a — > 2Lm a, 

n 2 (F ) n 2 (Fi) 
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and to each homotopy between two such trivializations we define a morphism 
of functors between the functors : 



2 Urn 

n 2 (F ) 



2 fim 

n 2 (Fi) 



Let h be a trivialization of / x^X, we denote by Th the composition = p2 o h. 
Hence the following diagram commutes 



I x F, 



r„ 



o 



X 



->■ B. 



(3) 



Let us remark that for all t £ J, the application 



r fc (t,-): 



r(t,x) 



is an isomorphism and for all iGFo, the application 



T h (;x): I 

t 



X 



is a path from x to r(l,x). 



Lemma 7. Lef h be a trivialization of I x 7 X. TOft i/ie akwe notations, the 
data of: 

• for every y G F\, the functors a(Th(',x)) o 7r X) where y = Th(l,x), 

• for every path S\ : X\ — > y\ in F\, the morphism of functors 
(id • tts ) o (a(Th o H$ x ) • Id) visualized by : 



a{x ) 



«(r h (-,x )) 




■ a(x\) 




a (r h (H So )) 



a(r fc (-,l/o)) 



Kyi) 



where 



— ir x , TT y and ir$ a are the functors and the isomorphisms of functors 
given by the 2-limit, 

— the path S , is the inverse image of Si, byTh(l,-), *- e - <u = r/i(l, <5q), 
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— and H§ is a homotopy in I x Fo between the paths (l,5o) A (Id,xo) 
and (Id,y ) A (0,<5 ). 

define a functor, also denotedTh, 

Th : 2^im a — > 2 l^im a. 

n 2 (F ) n 2 (Fi) 

Proof. We have to show that these data satisfy the commutation conditions. 
Let 5% : x\ — > y\ and : y± —> Z\ two composable paths in F\. We denote by 
Xq , ?/o and zq the points of Fo such that 

xi=r(l,a;o), 2/i=r(l,y ), zi=r(l,z ) 
and Jo, <5o the paths in Fo such that : 

*i = r(i,* ), *i=r(i,dj). 

In view of the commutation conditions satisfied by the functors n x and the 
morphisms of functors ns , we have to show that : 

a(T h o H SlAS[ ) = a(((r h o H 5[ ) • Id) o (fd . (T h 04))), 

As a in a 2-representation of the 2-groupoid ILipT) it is sufficient to show that 
there exists a homotopy from off ,5 lA5 / to ((Fftoff^/ )mId)o(Id»(Tf l oHs 1 )). Let 
us first consider the two homotopies in I xFq, Hg lA s , 1 and (Hs' •Id)o(Id»Hg 1 ), as 
7T2(f x Fo) ~ 7T2(f ) x 7T2(Fo), there exists an homotopy between them. Applying 
Th we find the homotopy we looked for. 

We use the same arguments to show that if e : S — > 6' is a homotopy in F\ we 
have the equality : 

a(e) o (Id • ns) o (a(T h o ff 5 ) • fd) = (fd • Try) o (a(T h o H s ,) • Id). 

Hence the data given in the statement of the lemma define a functor from 
2hm a to 2hjn a. □ 

n 2 (F ) n 2 (Fi) 

Now let us consider two trivializations ho and Tlx of f x 7 X satisfying the 
conditions ([T]), and H : ho hi & homotopy between them satisfying the 
conditions given in the lemma |5] We define an isomorphism of functors from 
r^ and T} ll . In what follows, we set : 

T := r ho and Fi := T hl . 

Let x\ £ F\. We denote by xo and yo the points such that 

r (l,x )=a;i and Tx(l,y ) = x±. 

Let us remark that the application 

P X1 : I — > F 

* .— > (ri^or^fr^i.so) 
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is a path in Fq going from j/o to xq. Let us consider a map 
6:1x1 — > I x I 



(2t 2) 0) 



if < t 2 < 



f 2 ti . . „ t-\ 



Then the composition, denoted H Xl , of with the following map: 



I x I 
(tx,t 2 ) 



X 



((r 1 (t 2 ,-)- 1 oi/(t 1 ,i 2 ,x ) 

is a homotopy from ro(-,xo) A /3 Xl to rx(-,yo)- 

Lemma 8. With the above notation, the data for every x\ € F\ of the suitable 
composition of isomorphisms visualized by the following diagram : 




a(x ) 



a(r (-,x )) 



2 ^im a 

n 2 (F ) 



"(yo) 




a(xx) 



define an isomorphism of functors also denoted H 

r 



2 l^im a ■ 

n 2 (-F ) ■ 



2 l^im a 

■ n 2 (Fi) 



Proof. The proof uses the same arguments as the proof of lemma [7] Hence if 5 
is a path in F\, using the facts that up satisfied commutation conditions, there 
exists of homotopy of homotopies 



I X I X I : 

(ti,t2, h) 



X 



H(t u Hs{t2,ts)) 



and the uniqueness up to homotopy of H$, we have that the data given in the 
lemma satisfy the commutations conditions and define an isomorphism from To 
to IV □ 

Let 70, 71 : xq — > x\ a be two paths in B, e : 70 — > 71 a homotopy in B and 
h £ a trivialization of (I x 7) x E X. As above, we denote by T £ the composition 
P2 h £ . For i = or i = 1, we set : 

T £i (t,x) := T £ (i,t,x). 

We also denote by T £ i the functor defined as in the lemma [7] : 



21im a 



2 lim a, 

n 2 (F 4+ i) 
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Using the same process as in the lemma [5] we define an isomorphism T e 



r i0 



2 Um a ■ 

U 2 (F ) 



2 l^im a. 



For the rest of this section, for all path 7 of B and for all homotopy e of 
paths of -B, we fix a trivialization ft, 7 of I x 7 X and h £ oi (I x I) x e X satisfying 
the condition ([TJ. 



Let 7,7' be two of composable paths in B, let h~ i , hy and hj/\y the fixed 
trivializations of / x 7 X, I Xy X and I x 7A y X respectively. 
Let us remark that the map h 7 A hy is also a trivialization of 7 x 7A7 ' X. Let us 
consider the homotopy from h 7 A /i 7 < to h^/\y defined in the lemma [S] and the 
isomorphism associated by the lemma [5] We denote by H^y the composition of 
the previous isomorphism with the isomorphism defined by the data of Id o a 7 y 
for all x 6 F\. H~ n ' is an isomorphism going from ° Th , to Th ,. 

We define the 2-functor going from Rep(U 2 (X), CAT) to 

Rep(U 2 (B),CAT). 

Definition 9. Let a S i?ejj(Il2(X), C„4T), we denote by p*(a) the 2-functor 
from Yi 2 (B) to CAT that associates : 

• to every b € B, the category : 

p*(a)(b) = 2^hn a, 

U 2 (F b ) 

• to every path 7 : bo — > b\ in B, the functor defined in the lemma^ : 

p*(ce)(j) = F : 2hm a — > 21im a, 
n 2 (F ) n 2 (Fi) 

• to every couple of composable paths 7, 7' in B, the isomorphism of functors 

21im 





H ~rt' 







21im a 

■ n 2 (Fi) 



• to every homotopy e : 70 — > 71 in B, the composition : 

p*(e) : T 70 — !> F e0 — -> r e i — ^ T 7l , 

T/ie unicity, up to homotopy, of the homotopies between two trivializations as- 
sures that these data satisfy the commutation conditions and define a 2-functor 
from H 2 (X) to CAT- And, by the definition of the 2-limit, this map is 2- 
functorial. Hence we denote by p* the 2-functor from Rep (ll 2 (X), CAT) to 
Rep (112(B), CAT) defined by these data. 
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Theorem 10. The following diagram commutes up to equivalence of 2-functors 



2Rep(n 2 (X),CAT) 2Rep(H 2 (B),CAT). 

Proof. Let a be a 2-representation of 112(B) and £ the image of a by v. 

• Let b a point of B, we have : 

( P ,(c)) 6 ~r(F 6> e). 

Let us recall that by definition r(.Fb,(£) = r(Fb, ip where ip h is the 
inclusion of Ft, in X. Thus, by the proposition [4j we have the natural 
equivalence : 

(p*(£)) 6 ^ 21im a. 
n 2 (F,,) 

• Let 7 : 60 °i be a path in B. 

The proposition U assures that, for all x £ X, there exists natural isomot- 
phism : 

r( x,e: F j - 21 ^ a 



(CfJx ~ 

Thus, to show that v(p^€){^) ~ p* (a)(7), it is sufficient to show that the 
diagram commutes ut to isomorphism : 



r(x,ev ) 



M(P«C)(7) 



M (c)(r(. ia5 )) 

where the two vertical functors are the natural restrictions. 

Using the base-change theorem applied to the first diagram of ©, we show 

that, for all y £ F\ there exists isomorphisms of functors visualized by : 



(7-V£) 



r({o} x F ,r-\q) ^—t(i x Fo.r-Hc)) — ^r({i} x Jb.r-He)) 



T(Ix{y},T-\€)) 
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where y = T(l, x). 

This shows the existence of the isomorphism we looked for. 



□ 



2 The 2-category of stacks on stratified spaces 

Let (X, E) be a stratified space. It is a natural question to ask if a sheaf is 
entirely determined by its restrictions on the strata. In other words, if the 
category of sheaves on X is equivalent to the category whose objects are given 
by a sheaf on each stratum. The answer is no. To define a sheaf we need some 
extra data : the gluing data. These are a set of morphisms of sheaves satisfying 
commutation conditions. 

The following section is a generalization of this problem in the case of stacks. 
Hence we define a 2-category whose objects are the data of a stack on each stra- 
tum plus some functors of stacks and morphisms of functors of stacks satisfying 
some commutation conditions and we show that this category is 2-equivalent to 
the 2-category of stacks on X. 

Let &tx be the 2-category of stacks on X. Let us denote Sk the union of 
the strata of dimension k and ik the inclusion of 5t on 1. If k < I we denote 
by iki the 2-functor from 6ts ( to &t^ k ,iki — k*- Let us denote by r\i the 
2-adjunction, rji : Id — > ■ 

For source of simplicity, if k < I < m we denote by rji the 2-functor Id • m • Id 
going from ik m to ikikm- Let us define the 2-category @£. 

Definition 11. Let ©s be the 2-category defined as follows. 

• The objects of are the data : 

— for every Sk, a stack £^ on Sk, 

— for every pair (k,l) such that < k < I < n (i.e. Sk C Si), a functor 
of stacks : 

Fm ■ £k — > ikl^l, 

— for every triple (k,l,m) such that 0<k<l<m<n (i.e. Sk C 
Si C S m ), an isomorphism of functors fkim visualized by: 



Fi k 



iki^i 



fkh 



ikm^-'n 



ikl F m i 
iklilm^m 



such that the two suitable compositions of the morphisms given by the 
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faces of the following cube : 

Fik 





ikm&m 



ikp^-p 




i km^mp^-p 



m 



^klkm^mp^p 



going from ikikmFpm ° hlFml ° Fik to i k 1 t]i o i k 1 r) mp o F pk are equal. 
This means that the following diagram commutes : 



ikikmFpm ikiFmi Fik ■ 

\l 

iki{iim,F pm ° F m i) O Flk 
iklflmp'Id 

ikliVm °F pk )o Fi k 

ikiVm ° ikiF p i o 



ikiVm °Vi ° Fpk 



Id»fk 



ikl^lmFpm °m° Fmk 



f]l ° ikmFpm F m fc 



Id»f kn 



-^m o Vm° Fp k 



The l-morphisms from ({£ k }, { F kl}, {fklm}) to ({£' k }, {F' kl }, {f' klm }) are 
given by : 

— for every fee {0, . . . , n}, a functor of stacks : Gk ■ Cfc — > £' k , 

— for every k, I such that < k < I < n, an isomorphism of functors : 

9u ■ F[ k °Gk^ ikiGi o Fik, 
such that the following diagram commutes : 



iAoF( k oG k 

f m lk»Id 

m ° F' mk o G k 

Id»g„ 

Vl ° ikmGm O F mk - 



hiF', o ikiGi o Fi k 



ikig m l*Id 



iklkmGm iklFml ° Flk 



Idtfmlk 



iklilmG m o r/i o F m k 
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the 2-morphisms from the 1-morphism ({Gk}, {gki}) to the 1-morphism 
({G' k }, {gki}) are the data for all < k < n of a morphism of functors of 
stacks <f>k ■ Gk — > G' k , such that the following diagram commutes : 



Hi ° G k 



Id* 



Hi ° G'k 



9kl 



■ ikiGi o Fik 



i k i<j>i*Id 



■ ikiG'i ° Fik 



Hence the objects of this 2-category are the data of a stack on each stra- 
tum plus some gluing data : the functors of stacks and isomorphisms of functors. 



To show that ©s is 2-equivalent to &tx we define two 2-functors quasi-2- 
inverse to each other : R% the "restriction functor" going from &tx to ©s, and 
Gs the "gluing functor" from ©s to Gtx- The functor i?s is defined thanks to 
the restriction and the 2-adjunction between the 2-functors ik* and iZ ■ 

Definition 12. Let i?s be the 2- functor going from Gtx to ©s which associates 
to each stack on X the set of its restrictions to each stratum, its adjunction 
functors and isomorphisms : 



Re : 6tx 

G:€^€' i— )• 
4>:G-*G' i— > 

where m is the natural functor 



©E 

({£ \s k }k<n, {i k 11l}k<l<n, {^mlk} k<Km<n) 
{{G \s k }k<n,{gik}k<l<n) 
({<f> \s k }k<n) 



rji : £ — > i u i x 1 £, 



A m zfe are the natural isomorphisms : 



S k 



(imJ^e) \ Sk — >" {ilJlmimfy \s k 



and gik are the isomorphisms coming from the fact that rji is a 2 -transformation 

G\s k 



l k 1- ni 



s k 



s k 



l k Vi 



\s k 
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As these data come from the adjunction, the commutation conditions are satis- 
fied and the image of Ry, belongs to &■£■ 

Let us define Gs ■ The definition of Gs is inspired by the demonstration of 
the basic property of gluing stacks on an open covering. Hence the image by 
Ge of an object € of ©s is a 2-limit of ik*£k, where the 2-limit encode the 
gluing data. That is why we define a category 3 and, for all object € of &s, a 
2-functor from 3 to &tx- 

Definition 13. Let 3 be the category defined as follows. 

• Objects of 3 are the singletons {j} with < j < n, the couples (j, k) such 
that < j < k < n and the triple (j, fc, I) such that 0<j<k<l<n. 

• Morphisms of 3 are the data for all objects of 3 of : 

Hom(i, i) 
Hom((j,k),j) 
Hom((j,k,l,),(j, k)) 
Hom((j,k,l),j) 
Hom((j,k,l,),(j,l)) 

Let € = ({£fc}, {Fki}, {fkim}) be an object of ©£, we also denote € the 
2-functor going from 3 to ©is : 

£: 3 — > 6i s 

defined as follows : 

• For every objects {k}, {(k,l)} and {(k 7 l 7 m)} of 3 : 

€(j) = ijXj 

^(ji ^0 = ij*ijk&k 

£(j> ^' = ij*ijkiki^i 

• The images of the morphisms are defined as follows : 

- for every s 3 jk : (j, k) ->• {j} such that j < k : £(sj fc ) = ij*F kj , 

- for every sf kl : (j,k,l) -> (j,l) : £{s 3 jH ) = r/ k : ij*iji<£i ->■ ij*ijkikl^l- 

- for every s 3 jH : (j, k, I) -> j : = % o 

• If a is an object of 3 the 2-morphism £ a : Id<rt a \ — > €(Id a ) is the identity. 

• If s and s' are two composable morphisms of 3 , let us define the 2- 
morphism C SjS / : 

£„,,/ : C(sos') £(s)o£(s') 

The only two couples of composable morphisms are (s^ ; , s 3 - k ) and (Sjjy, s^ ; ). 
We define £ j* ( and € n t as 

s jkl' s jl S jkV s jl 

^ s 3 k J = flkj, C<l ! = JcZ 
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= {«&} 
= {^1 

= {4J 



We define the image of £ by Gs by the 2-limit : 

G E (£) := 2Um£. 

3 

If G = ({Gfc}, {gki}) ■ £ — > C is a 1-morphism of 6s the commutation condi- 
tions satisfied by gu assure that we can define a functor from the 2-functor €. 
to Taking the 2-limit we define a functor G from 2hjii£ to 2 l^m . 

3 3 

In the same way, if <f> = {4>k} ■ G — ¥ G' is a 2-morphism of 6s, we can define a 
morphism between the functors G and G'. That is the image of cj> by Gs- 
Now let us consider the 2-category 2^(3, &tx) of 2-functors from 3 to ©tx- 
Taking the 2-limit can be view as a 2-functor from $(3,&tx) to &tx, for a 
demonstration see for example [TS] . Hence we can define the 2-functor Gs • 

Definition 14. Lei Gs fee i/ie 2-functor going from 6s to 6ij( defined by : 
G s : 6 S — ► 6t x 

£ = ({Ct},{F W },{/Hm}) 

G : £ -> C 
^ : G -y G' 

Remarks 

- We can define explicitly the stack image of an object of ©£• If U is an 
open of X and £ = ({£&}, {-%}, {fum}) an object of 6 S is given by : 

Gz(£)(U) = ({S k },{g kl }) 

where Sk £ £fe(f HSfc) and gu is an isomorphism from Fik(Sk) to rjki(Si). 

- The commutation conditions satisified by the objects, the 1-morphims and 
the 2-morphisms of 6 s are not necessary to define the functor Gs- But 
without them Gs is not an equivalence. 

Theorem 15. The categories &tx and 6s are 2-equivalent and the functors 
i?s and Gs are quasi-2-inverse. 

Proof. Let us define two equivalences of 2-functors 

i?sGs — y Id 
Id — > G s i?s- 

We only define the functor on the objects of the 2-category, but, as we only 
use 2-functor and projection of the 2-limit to define them, and thanks to the 
commutations conditions, it is straightforward to show that these applications 
are 2-functorial. 
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Let us give some notations. For a morphism s : a — > b of 3, we denote by 7r a 
and p s the projections and the equivalence of functors given by the 2-limit : 



2 hm £(c) 

cG3 




Let j be an integer smaller than n. We also denote ir a and p s , projections and 
equivalence given by the 2-limit 2 lim ij 1 £(a). 

As ij is an inclusion, the following 2-natural transform is an equivalence : 

Sj ij ij* y Id 
Let us fix, (Ej) -1 , a quasi- inverse of Ej and ej an isomorphism : 

e J : e 3 ° ► W - 

Let Vtj denote the functor defined by 

* 3 - : 21in,;, Vw,: ij 1 ^ ^> £j 

This functor an its inverse is essential in the definition of the equivalence between 
Id and G^Ry,- 

Lemma 16. The functor tyj : 2\imiJ 1 €(a) — > <£j is an equivalence. 
Proof. Let us define $j, an inverse of SSfj. 

As wc want to define a functor going to a 2-limit, it is sufficient to give for all 
a object of 3, a functor : <£j — >• £(a) and for all s : a — > 6 morphism of 3 an 
equivalence ft£ of functors : 




C(o) ^ C(6) 

satisfying some commutation conditions. Let us first remark that for j > k and 
k < I < m we have : 

ij x €{k) = 
ij 1 C(k,l) = 
ij£(k,l,m) = 0. 

Hence we need to define a family of functors for all j < k < I < m: 
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• let us recall that i- = i- 1 ij*£j, we define $j by : 

j < k we have €(k) = ijk^k, we define $^ by 



• for 



• for j < fc < I we have i • 1 
sition : 



visualized by : 



€(k, I) — ijkiki^i, we define $j fe '^ by the compo- 



•j — >• h&i — ' 



for j < k < I < m, we have i~ 1 €(k, I, m) = ijkiklkm^rm we define <&^ ,l,m " > 
by the composition : 



^(k.l.m) 7-1 

$\ > ^niorjkoF, 



mj- 



visualized by : £j — ^ ij m £, 



Now let us define the isomorphi 

• for s = s^, ; : (fc, Z) — > / we define by : /ij = JcZ 



dsms Zi|, 



for s = , : (fc, Z) — >• fe with j < fc 



; we define /i| by : Zi| = 
• let us consider the morphism s = s 3 j k : (j,k) — > j, the morphism hj is 

p'ninp' from i 7 1 j. ■ ,. FY. • of" 1 1 



going from ^ 1 i^F k: j o e,. 1 to j/j o : 



As £j comes from a natural 2-transform, there exists an isomorph 
F kj oej ^ Ej o {ijH^Fkj) : 



lism #j : 



^jk^-k ' 



i. ij,F kj 



Ij Ij^ljk^k' 



Hence we have the isomorphism : 

Id •e i »id 



— ■ Vj o sj o i jit i. 1 F kj o (sj) 1 . 



Vj °F kj oej o ( Ej ) 1 



Now, r]j is a left quasi- inverse of Ej, let us denote rij the isomorphism : 



rij : rjk o Ej 



Id 
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• for s = s k 



In the same way let us recall that the isomorphism ej goes from Ej o (ej) 1 
to Id. We define h? by : 

h' J =n j o(I.-i Jij »0 j mI e -i)oe j 

klm , we define by the identity, 

• let us consider the morphism s^ m : (k, I, m) — > (k, I), the morphism hj is 
going from the composition (ij k i k iF ml ) o r\ k o Fy to r\ior\ k o F mj : 

h'j : (ijkhlFml) °Vk° Fij -^rno-q k o F mj . 

But, by definition of 8ji m and as rjki comes from a 2-adjunction, we have 
the two following isomorphisms : 



ijkiu^i 



jkiklFml 




iikiklilm^-m • 



Then, is defined by a the correct composition of these two isomor- 
phisms. 

Thanks to the commutation conditions and as the morphisms of adjunction 
satisfy good conditions of commutation, these functors and isomorphisms of 
functors satisfy the condition to define a functor coming from <tj to21imiT 1 £( a ), 
let us denote this functor $j : 

$j : £j — > 2lim ij 1 €(a) 

and for every objects a of 3, let us denote tp® the isomorphism : 



3 ' 



Moreover, the definition of this functor is 2-functorial. This is comes from the 
fact that the conditions to be an I-morphism in the 2-category 6s and the fact 
that the 2-limit can be viewed as a 2-functor coming from the 2-functor going 
from 3 to 6t x to 6t x . 

It remains to show that $j is a quasi- inverse of ^j. The easiest part is to 
show that o $j is isomorphic to the identity. We have by definition : 



*j ®3 = £ 3 ° *J ° ^3 2 — Sj ° fe r 1 



Hence the composition ej o (I £j • <{P- ) is an isomorphism between "J/ j o and Id. 
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Let us show that <&j o "I^- is isomorphic to the identity. To show that, it is 
sufficient to show that for every object a of 3 there exists compatible morphisms 



/" 



I" ■ 7T a O <1> , O M/ , 



Let {k} be an object of 3, by definition of we have the following isomor- 
phism : 



: TTfc o $ • 



F 



then let us consider the following isomorphism : 

ipj • /,;, : TTfc o <1> , o >l< , F mj o >l' , 

where J# . is the morphism identity of ^Sfj . 
Then we have the following isomorphisms : 



(4) 




21imC 1 C(q) 






Let us recall that pjk is the isomorphism coming from the 2-limit, the equality 
is given by the definition of tyj and the two others isomorphisms come from 
the 2-adjunction. Hence, by composing the morphism above, we can define an 
isomorphism between F m j o and n m : 



(5) 



We define lj by the vertical composition of the isomorphisms (|U) and ([5]). 

Let (k, I) and (k, I, m) be two objects of 3, the 2-limit give us these isomor- 
phisms : 



2fim£(a) 





I Ik 
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Hence by composing horizontally pi m with the identity of $j and ^Sj we obtain : 

7T;m ° ®j ° *j ij 1 11lm ° ° $j ° (6) 

In the same way, by composing horizontally the identity morphism of rji and 
the isomorphism I™ we obtain the isomorphism : 

i^Vlm 7I"m $j°*j ^> i^Vlm ^ro (7) 

We define ^ as the vertical composition of the isomorphism (3), (4) and the 
inverse of pi m . The isomorphism l^ lm is defined in the same way. 

The 2-hmctorial feature of the isomorphisms of adjunction and the compati- 
bility of the isomorphisms of projection assure that the commutation conditions 
are satisfied. Hence, they define an isomorphisms of functors : 

lj : <f>j o tyj Id. 

□ 

Let us come back to the theorem 1151 and let us define an equivalence of 
2-functors : 

We are going to define this equivalence only on objects. The natural feature of 
the equivalences considered, and the conditions to be an object, a 1-morphism 
or a 2-morphism of @s, assure that the map that we are going to define can be 
extended in a natural 2-transform between the 2-functors Id and i?s o Gs . 

Let € — ({Cfc}, {Fki}, {fkim}) be an object of 6s. We need to define, for all 
j < n, a natural equivalence 

aj : <tj iJ 1 2fimC(a) 

such that there exists for all j < k < n an isomorphism : 

iJ^ymCia) ^i jk ik l 2^m<t(a). 

The finite 2-limits commute up to isomorphism with the inductive 2-colimits. 
It is a particular case of a theorem shown in [5] , for a immediate proof see [8] . 
Hence the 2-functors i^ 1 and ik* commute up to equivalence with the finite 
2-limits. Hence we have the following natural equivalences : 

2]imiJ 1 <£(a) ij 1 2^m€(a) 
2\\mijki k ~ 1 <£(a) ^-s- ijk%^ x 2 lim C(a) 
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and the isomorphism : 

2fim^ 1 £(a) 



2\^mij k i k 1 C(a) 



J i v ' Vk 



■ i jk i k 1 2 1im £(a). 



We define aj by the composition : 

aj : £j -% 21im^ 1 £(a) iT^Um^a) 
It remains to define a natural equivalence : 



21imC 1 e:(a) 
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2\\mi jk i k 1 £(a). 



As is a quasi-inverse of it is sufficient to define an isomorphism between 
the functors : 

ijk^j ° ' , ''/;•• o «!>, F kj . 
Now, we have the following isomorphisms : 



21imiT 1 e:(a) =► 2^mi jk i k 1 €(a) 




F k] 

The two isomorphisms of triangle are given by the definition of <frj and ^k- The 
isomorphism of the top is given by the 2dim.it and the last one is a horizontal 
composition of the identity and the isomorphism given by the 2-adjunction : 

CSfc ° ijk£k ^ Id. 
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The suitable composition of these isomorphisms gives the isomorphism looked 
for. 

Hence we have defined an isomorphism from € to i?joGs(€)- This isomorphism 
is 2-functorial and this shows that Id is equivalent to R% o Gs . 

Let us define an isomorphism (3 from Id to Gs o _R S . Let © be a stack on 
X. Let us recall that from the definition of i?s we have : 

R j: (<8) = ({q 1 <8},{q 1 m },{\ klrn }) 

where m is the natural functor : 

rji : — > iui^ 1 ® 

and Xkim is the natural isomorphism : 

-^r 1 © 



ikmim © 



iklilmim 1 ®- 



l k Vim 

Let us consider the family of functors {S a } aG 3 : 

• for every k < n, the functor Ek is defined by : 

Sfe = 7?fe 

• for every pair (k, I) with k < I < n let us define Er k n by : 

=(fe,0 : © ► *fc*« fe © — ► «fc*«fci«i © 

• for every triple (k, I, m) such that k < I < m < n, S^,l,m) 1S defined by : 

Vk. ik,i k 1 r)i _ _ iktiklkrim _, 

© ^lk*l k © ^«fc*«fcZ«; © *■ lk*lkllllm*l m © 

and the family of isomorphisms of functors {^ s } S GA4or(a) : 

• for the morphisms (fc, Z) — > fc and (fc, Z, m) — > (fc, Z) the isomorphism £ s is 
the identity. 

• for the morphism (k,l) — > I the isomorphism £ s is the morphism Xki : 
© ^^fe 1 © 



*© 



■ ik*ikiii X © 
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• for the morphism (k, I, m) — > (k, m) the functor £ s is defined by the hori- 
zontal composition of the identity, the morphism r\k and the isomorphism 

These families satisfy the compatibility relations. Hence these data define a 
morphism S : 

H : © — > i? s oG E ((S) 
and for all object a of 3 a unique isomorphism £ a : 

£a : 3 O 7T a — » S a 

But the restriction to each stratum is an equivalence. This show that S is an 
equivalence of functor. □ 



3 Constructible stacks 

In this section we consider the 2-category, ©t|, of constructible stacks relatively 
to a fixed stratification £. This notion was introduced by D. Treumann in |20j . 
It is a natural generalization of the notion of constructible sheaf. 

Definition 17. A stack on X is called constructible relatively to E if its re- 
strictions to each stratum is locally constant. We denote by ©if, the thick sub- 
2-category of &tx whose objects are locally constant stacks. 

An important example of constructible stack is the stack of perverse sheaves. 

The aim of this section is to describe the 2-category &t^ in the language of 
2-representations. Here we need to consider more particular stratified spaces : 
the Thorn-Mather spaces relatively 2-connected. A Thorn-Mather space (X, E) 
is given, for all strata E&, with a tubular neighborhood Tk, a locally trivial fiber 
bundle pk : 

Pk ■ Tk > Sfe. 

and a continuous map pk from Tk to R + , named distance map, such that 

E fc = p^(0). 

Let us recall that if E& C E;, then we have the equality : 

Pk °Pi \T k ra\=Pk knT, • 

Let us denote by ik the natural inclusion of the stratum E& in X. If E& C £; C 
E m C Ti p and if ik,i, ih,lm and ik,imp are the inclusions : 

iik ■ EiflTfe E/, i 

m,lk • 

nr m n:nn7WE p , 

we denote by Pk,l, Pk,lm, Pk,lmp, the 2-functors : 

Pk,j = Pk* o %l ■ £s, — > -Cs fc 
Pfe.im = Pk* o i^ lk : £ Sm > £ Sfc 

Pfc,imp = Pk* O i~ mlk : £s p > -Cs fc 
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If we denote by j m ,ik the inclusion of S m fl T; n Tk in S m f) Tk and r\\ the 2- 
adjunction from Id to j m ,ik*jm\k' we nave that /dp,., • r\i • Id r i is going from 
Pfc, m to pfc,; m , we also denote it r\i. 

Vl '■ Pk.rn > Pk,lm 

With another harmless abuse of notation we denote by rji the natural transfor- 
mation from Pk, m p to Pk,imp defined with the adjunction. 

Let £ be a constructible stack relatively to S, by definition, is the 

data of locally constant stacks on each stratum plus the gluing conditions. As 
we have seen in the first section, a locally constant stack is nothing but a 2- 
representation. Hence it remains to express the gluing conditions in terms of 
2-representations. The first thing to do is to verify that the image of a locally 
constant stack through the functor i^ 1 ii* is still a locally constant stack. Then 
we have to express this functor in term of 2-representations. In order to do this, 
we show fcorollary|2"Tj) the equivalence of the 2-functors ik,i and pk,i restricted to 
the 2-category &t^. Finally, the translation of the 2-functors i^ 1 and in the 
language of 2-representations that we have done in the first section allows us to 
define a combinatoric 2-category 2-equivalent to the 2-category of constructible 
stacks. 

To do this, the base-change theorem showed by D. Treumann in [50] and the 
following lemma are very convenient. 

Lemma 18. Let Y be a topological space, V be an open of X and F be a subset 
of X . we denote by iy , ip, jv and jp the following inclusions : 



V c ^Y 



JF 

V'n f c 



Jv 



F. 



Then the base-change map : 



is an equivalence. 

Proof. It is sufficient to see that the base-change map is an equivalence on the 
stalks. □ 

Lemma 19. Let T,k, X;, S m and E p be four strata such that C S; C S m C 
S p . There exists natural equivalences of 2-functors : 



Pk,l °Pl,m 
Pk.l ° Pl,mp 
Pk,lm O Ptn.p 



Pk,lm 
Pk,lmp 
Pk,lmp • 



2G 



Proof. Considering the following commutative diagram : 
S p n T m DTiD T fe C ^ s p n T m n Tf— 



E m n Ti n r fc < 



Sp n Tm — 



and as op;|Ti.nTi = Pfc|T fc nT,, the lemma is a direct application of the lemma 
HI □ 

Proposition 20. Let be a stratum and Tk be the tubular neighborhood, the 
2-functor pk* restricted to the 2-category, &t^, of constructible stacks on Tk 
goes to the 2-category £s k - Moreover pk* is eguivalent to the 2-functor i^ 1 . 

Proof. Let us consider the 2-natural functor rjk given by the 2-adjunction : 

-l 



Vk ■ Pk* 



Pk*'lk*1 / k 



By definition of a Thorn-Mather space Pk ° ik = Id, thus Pk*ik*i^ 1 is naturally 
Hence, there exists a natural functor from pk* to iZ . Let 



isomorphic to i k 1 . 



£ be a constructible stack on Tk, let us show that the functor applied to £ is 
an equivalence on its stalks. Let x G We denote by Fk the set pl 1 (x) and 
Fke = Fk n p~Z 1 {[0,s{). The family U x Fk E is a base of neighborhoods at x, 
hence we have the equivalences : 

{p k X) x £Si 2 lim T{UxF k ,€) 

{i^tyx - 2 lim r([/xf fc ,£) 
xeucs k 

e>0 

~ 2 lim 21imr(Z7 X F ks> £) 

xGC/CS fc £>0 

Now, the inclusion U x Fk £ °4 !7 x Ft is a stratified homotopy equivalence. As 
£ is a constructible stack, this is shown, by proposition 3.13 of [3D], that the 
2-limit 2 lim T{U x F ke , <t) is constant an equal to T(U x F x , €). □ 

Corollary 21. Let E/ ; £ m and S p 6e /owr strata such that £/. C X; C 
S TO C Sp, i/ie 2-functors pk,i, Pk,im, Pk,imp are respectively equivalent to the 
2-functors iki, ikihm and ikihmimp- Moreover, there exists isomorphisms of 
functors : 




IklUp ■ 



■ Pk,lp 



Pk,lp 



^kl^lm^mp ' 



■ Pk.lmp 
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such that the two suitable compositions of the isomorphisms given by the faces 
of this cube are equal : 



ik P ^Pk,l 




IklHmimp s-Pk,lmp- 



Proof. Let us consider the following commutative diagram : 

Sfc c T fc C X 

i h 

r fe ns ; ^ ^E ; . 

»i, k 

The composition of the base-change map with the equivalence defined in the 

proposition [2D] is an equivalence from iki to pk,i- 

To define the other equivalences we proceed in the same way. 

The existence of the isomorphisms of functors and their commutations is assured 

by the fact that the functors r\i : i km -> iklkm and r)i : p k , m ->• Pk,lm are 

defined using the 2-adjunction and by the fact that the base-change map is 

2-functorial. □ 

Definition 22. Let us denote by the 2-category defined as follows. 

• The objects are the data : 

— for every E^, a representation, ak, of n^E/c), 

— for every pair (E&, £;) such that C Ej a functor, Fki, : 

Fm ■ ak — ► Pkjctl, 

— for every triple (Efc,E;,E m ) such that £& C £; C E m} an isomor- 
phism of functor fkim visualized by: 

a k >- PkA a U 




Pk,l(F ml ) 



Pk,m(ce m ) — s- Pk.lm{a m ) 

i k mm 
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such that the following diagram commutes : 

Idtfklm 



Pklrn 

\l 

Pk,l{Pl,m( F pm) °F m i)o Fi k 

(Pk,l)flmp»Id,F lk 

Pk,l(Vm ° F pk ) o F ik 
\Z 

Pk,l(Vm) ° Pk,l{F p l) O Fik 

Pk,i{vm) °m °F pk 



PkAm(Fp m ) O Tjl O F mk 



Vl °Pk,l(F pm ) o F mfc 



Id»f k „ 



The 1-morphisms from ({a k }, {F k i}, {f khn }) to {{oi' k },{F' kl },{f klm }) are 
the data : 

— for every stratum T, k , a functor : G k : a k — > a' k , 

— for every pair (k, I) such that < k < I < n, an isomorphism of 
functors : 

9ki ■ F( k oG t 4 Pk,iGi o Fi k 
such that the following diagram commutes : 



Vk,iF' ml oF[ k oG k - 



Vi ° F' mk O G k 



Id»g mk 



Vl ° Pk,mG m O F mfe 



^Pk,iF^ nl op k iGi oFik 
Pk,igmi*ld 
rn ° Pk,lF m l oF lk 

Pk,lm G m or/io F mk 



the 2-morphisms from the 1-morphism ({Gfc}, {gu}) to the \-morphism, 
({Gj,}, {9ki\) are the data for every < k < n of a morphism of functors 
of stacks (fik ■ G k — > G' k , such that the following diagram commutes : 



Fl, o G k 



9kl 



■Pk,iGi o Fi k 



Id*4>k 



Pk,l4>l*Id 



9kl 



■Pk,iG'i oF^ 
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Theorem 23. The 2-category, ©t|. of constructible stacks relatively to £ is 
equivalent to the 2-category 6^. 

Proof. Let us denote by 6 the image of the 2-category of constructible stacks 
relatively to the stratification E trough Using the corollary ??, and because 
of the definition of a constructible stacks relatively to S, it is easy to show that 
these 2-category, 6, is equivalent to the 2-category whose objects are the data 
of a family ({Cj}, {Ljk}{ljkm}), where Cj is a locally constant stack on E^-, 
Ljk is a morphism of locally constant stacks Ljk '■ Cj pj^Ck and Ijkm is an 
isomorphism of functors : 

Cj >■ Pj,k ("/ ) 

Pj,k(Fmk) 

Pj,m(C m ) — *~ Pj,km (C m ) 

satisfying the same commutation conditions as in the definition of ©s and where 
the 1-morphisms the 2-morphisms are defined in the same way as in the defini- 
tion of ©£. 

Now, applying the 2-monodromy to each locally constant stack, and thank 
to the theorem [TU1 we show that the 2-category © is equivalent to &t%. □ 
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